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a b s t r a c t
It is well known that the edge-connectivity of a simple, connected, vertex-transitive graph
attains its regular degree. It is then natural to consider the relationship between the
graph’s edge-connectivity and the number of orbits of its automorphism group. In this
paper, we discuss the edge connectedness of graphs with two orbits of the same size, and
characterize when these double-orbit graphs are maximally edge connected and super-
edge-connected. We also obtain a sufficient condition for some double-orbit graphs to be
λ′-optimal. Furthermore, by applying our results we obtain some results on vertex/edge-
transitive bipartite graphs, mixed Cayley graphs and half vertex-transitive graphs.
© 2011 Elsevier B.V. All rights reserved.
1. Introduction
For graph-theoretical terminology and notation not given here, we follow Bondy and Murty [3]. We consider finite,
undirected and simple connected graphs with vertex set V (G) and edge set E(G) for graph G. We use dG(v) and δ(G) to
denote the degree of vertex v ∈ V (G) and the minimum degree of G, respectively. For X ⊆ V (G), we use G[X] to denote the
subgraph induced by X . LetG1 andG2 be two graphs. The union G1∪G2 ofG1 andG2 is the graphwith vertex set V (G1)∪V (G2)
and edge set E(G1) ∪ E(G2). An edge set F of a connected graph G is called an edge-cut if G − F is disconnected. The edge-
connectivity of a graph G, denoted by λ(G), is the minimum cardinality over all edge-cuts of G. A graph G is calledmaximally
edge connected, or simplymax-λ, if λ(G) = δ(G). A graph G is said to be super-edge-connected, or simply super-λ, if G is max-λ
and every minimum edge-cut of G isolates a vertex. For studies on max-λ and super-λ graphs, see [11] and the references
therein.
Esfahanian and Hakimi [8] introduced the concept of restricted edge-connectivity. The concept of restricted edge-
connectivity is a kind of conditional edge-connectivity proposed by Harary [10]. An edge set F of a connected graph G is
a restricted edge-cut if G− F is disconnected and contains no isolated vertices. The minimum cardinality over all restricted
edge-cuts of G is called the restricted edge-connectivity of G, denoted by λ′(G). Esfahanian and Hakimi [8] proved that
if a connected graph G with |V (G)| ≥ 4 is not the star K1,n−1, then λ′(G) exists and λ(G) ≤ λ′(G) ≤ ξ(G), where
ξ(G) = min{dG(u) + dG(v) − 2 : uv ∈ E(G)} is the minimum edge degree of G (for uv ∈ E(G), we call dG(u) + dG(v) − 2
the edge degree of uv). A graph G with λ′(G) = ξ(G) is called λ′-optimal. For studies on λ′-optimal graphs, see for example
[6,13,18,21,24].
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Let Aut(G) denote the automorphism group of G, i.e., the set of bijective mappings on its vertices that preserve incidence.
A graph G is said to be vertex-transitive if for every two vertices u and v of G, there exists an automorphism g ∈ Aut(G) such
that g(u) = v. For studies on the connectivity of vertex-transitive graphs, see [17,20,22].
For x ∈ V (G), the set {g(x) : g ∈ Aut(G)} is an orbit of Aut(G); we abuse the terminology a little to call it an orbit of G. Let
W be a subgroup of the symmetric group over a set S. We say that W acts transitively on a subset T of S if for any h, l ∈ T ,
there exists a permutation ϕ ∈ W with ϕ(h) = l. Clearly, the automorphism group Aut(G) acts transitively on each orbit
of Aut(G). We call a graph G a double-orbit graph if Aut(G) has at most two orbits. When Aut(G) has exactly two orbits, we
denote them as V1 and V2. When Aut(G) has only one orbit (i.e., G is vertex-transitive), we arbitrarily divide the vertices
into V1 and V2. In this paper we only consider double-orbit graphs whose two orbits have equal size, i.e., when |V1| = |V2|.
For a connected double-orbit graph with |V1| = |V2| ≤ 2, we clearly have G ∼= K2, P3, C4, K4 or K4 − e, where Kn is the
complete graph on n vertices, Pn−1 is the path of length n − 1 (or on n vertices), Cn is the cycle of length n, and Kn − e is
obtained from Kn by deleting an edge e. Hence we always assume |V1| = |V2| ≥ 3 in the following. We use (G1,G2, (V1, V2))
to denote a double-orbit graph, where Gi is the subgraph of G induced by Vi, i = 1, 2, and (V1, V2) is the subgraph of G
induced by E(G) − E(G1 ∪ G2). Clearly, Gi is a ki-regular vertex-transitive graph for i = 1, 2, and (V1, V2) is a d-regular
bipartite graph with two orbits. We next introduce some families of graphs with at most two orbits.
Definition 1.1. For a group G, let S be a subset of G such that 1G ∉ S and S−1 = S. The Cayley graph C(G, S) is the graph with
vertex set G and edge set {(g, sg) : g ∈ G, s ∈ S}.
It is well known that the Cayley graph C(G, S) is connected if and only if G = ⟨S⟩, where ⟨S⟩ denote the subgroup of G
generated by S. Clearly, Cayley graphs is vertex-transitive.
Xu et al. [23] defined half vertex-transitive graphs and Bi-Cayley graphs as follows:
Definition 1.2. A bipartite graph Gwith bipartition X1 ∪ X2 is called half vertex-transitive if Aut(G) acts transitively on both
X1 and X2.
Definition 1.3. For a group G, let S be a subset of G. The Bi-Cayley graph BC(G, S) is the graph with vertex set G×{0, 1} and
edge set {{(g, 0), (sg, 1)} : g ∈ G, s ∈ S}.
From the definitions, we see that half vertex-transitive graphs include Bi-Cayley graphs. Chen et al. [6] defined mixed
Cayley graphs as follows:
Definition 1.4. Let G be a finite group, S0, S1, S2 be subsets of G such that 1G ∉ Si for i = 0, 1. The mixed Cayley graph
G = MC(G, S0, S1, S2) has vertex set V (G) = G× {0, 1} and edge set E(G) = E0 ∪ E1 ∪ E2, where Ei = {{(g, i), (sig, i)} : g ∈
G, si ∈ Si} for i = 0, 1 and E2 = {{(g, 0), (s2g, 1)} : g ∈ G, s2 ∈ S2}.
Clearly, each vertex in G× {0} of G = MC(G, S0, S1, S2)) has degree |S0| + |S2| and each of the other vertices has degree
|S1| + |S2|, so δ(G) = min{|S0| + |S2|, |S1| + |S2|}. For any g ∈ G, the translationMR(g) defined by (x, i)→ (xg, i) (i = 0, 1)
is an automorphism of G. Since all of these automorphisms form a subgroup MR(G) of Aut(G), which acts transitively on
G× {0} and G× {1} respectively, thus Aut(G) has at most two orbits. Thus, half vertex-transitive graphs and mixed Cayley
graphs have at most two orbits. Moreover, when the graphMC(G, S0, S1, S2) is understood from the context, we also use V1
and V2 for G× {0} and G× {1} respectively.
A good deal of graph theory is concerned with the characterization of graphs having some contain specified properties.
The connectivity of graphs is an interesting such parameters. The characterization of graphs which is max-λ(G), super-λ
is studied by many authors. A very important result about this topic reported by Mader [17] is that the edge-connectivity
of a vertex-transitive graph attains its regular degree. It is then natural to consider the relationship between the edge-
connectivity and the number of orbits. Liu and Meng [14] presented a sufficient condition for a regular double-orbit graph
to be max-λ. Recently, the edge-connectivity of the half vertex-transitive graphs, Bi-Cayley graphs and mix-Cayley graphs
received much attention, see [6,4,16,24,19]. Note that such kinds graphs are all double-orbit graphs with identical size
of orbits. Thus, we asked a question: Is there some more general result on the edge-connectivity for double-orbit graphs
(include such kinds graphs)? This paper answers the question affirmatively. In this paper we characterize the max-λ and
super-λ double-orbit graphs whose two orbits have the same size, and we also obtain a sufficient condition for a double-
orbit graph to be λ′-optimal. As a consequence, we obtain some results on half vertex-transitive graphs, Bi-Cayley graphs
and mixed Cayley graphs.
2. Edge-connectivity
We use ωG(A) (or simply ω(A)) to denote the set of edges with exactly one end vertex in the vertex set A and the other
end vertex in V (G) \A. An edge-cut F of graph G is called a λ-cut if |F | = λ(G). It is easy to see that for any λ-cut F , G− F has
exactly two connected components. Let A be a proper subset of V (G). Ifω(A) is a λ-cut of G, then A is called an edge fragment,
or simply λ-fragment of G. It is clear that if A is an edge fragment of G, then so is V \ A. It is also clear that every λ-fragment
induces a connected subgraph of G. An edge fragment with the least cardinality is called an edge atom, or simply λ-atom of G.
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Lemma 2.1 ([9]). Any two distinct λ-atoms of a graph G are vertex disjoint.
An imprimitive block of G is a proper nonempty subset A of V (G) such that for any automorphism φ ∈ Aut(G), either
φ(A) = A or φ(A) ∩ A = ∅. The following theorem is well known (see [9,20]):
Theorem 2.2. Let G be a graph, and let G[A] be the subgraph of G induced by an imprimitive block A of G.
(i) If G is vertex-transitive, then so is G[A]. Furthermore, V (G) is the disjoint union of some imprimitive blocks, say A1, . . . , Am,
and G[Ai] ∼= G[Aj] for any i ≠ j.
(ii) If G = C(G, S) is a Cayley graph and A contains the identity of group G, then A is a subgroup of G.
Lemma 2.3. Let A be a λ-atom of a graph G. If G is not max-λ, then |A| ≥ δ(G)+ 1.
Proof. Every vertex in A has at most |A| − 1 neighbors in A, and thus at least δ(G)− |A| + 1 neighbors in V (G) \ A. Hence if
|A| ≤ δ(G), then λ(G) = |ω(A)| ≥ |A|(δ(G)− |A| + 1) ≥ δ(G), contradicting that G is not max-λ. 
Similarly to Theorem 2.2, for double-orbit graphs, we have the following lemma:
Lemma 2.4. Let G be a graph with two orbits V1 and V2 with |V1| = |V2|. Suppose that A is a λ-atom of G and G is not max-λ.
Then we have
(i) If A ⊆ V1 (or V2), then V1 (or V2) is a disjoint union of isomorphic λ-atoms and G[A] is a vertex-transitive graph;
(ii) If Ai = A ∩ Vi ≠ ∅ for i = 1, 2, then V (G) is a disjoint union of isomorphic λ-atoms, G[A] is a double-orbit graph, and
|A1| = |A2|.
(iii) If Ai = A ∩ Vi ≠ ∅ for i = 1, 2 and G = MC(G, S0, S1, S2) is a connected mixed Cayley graph and Ai contains (1G, i − 1),
then Ai is a subgroup of G× {i− 1}.
Proof. (i) Suppose A ⊆ V1. Then every vertex in V1 is in a λ-atom of Gwhich is isomorphic to G[A] (since V1 is an orbit), and
thus V1 is a disjoint union of isomorphic λ-atoms of G by Lemma 2.1. For any two vertices u, v ∈ A, there is an automorphism
φ ∈ Aut(G)mapping u to v. Since φ(A) is also a λ-atom of G and φ(A) ∩ A ≠ ∅, we have φ(A) = A by Lemma 2.1, i.e., φ is
also an automorphism of G[A]. Hence G[A] is vertex-transitive.
(ii) Since A1 ≠ ∅, every vertex in V1 is in a λ-atom of Gwhich is isomorphic with G[A]. The same is true for every vertex
in V2 since A2 ≠ ∅. Combining these observations with Lemma 2.1, it can be seen that V (G) is a disjoint union of, say m,
isomorphic λ-atoms. Bym|A1| = |V1| = |V2| = m|A2|, we have |A1| = |A2|. The claim that G[A] is a double-orbit graph can
be proved similarly to that in (i).
(iii) Note that |A1| = |A2| and G is connected (δ(G) ≥ 2), then by Lemma 2.3 we have |Ai| ≥ 2. By symmetry, we only
prove one of the cases (1G, i−1) ∈ A1. For any (g, 0) ∈ A1, g ≠ 1G, we haveMR(g−1)(A) = A. Thus, A1g−1 = A1. We clearly
have (gh−1, 0) ∈ A1 for any (g, 0), (h, 0) ∈ A1. So (iii) holds. 
Suppose G is not max-λ and A is a λ-atom. By Lemma 2.3, we have |A| ≥ δ(G) + 1. By Lemma 2.4, we have that
if Ai = A ∩ Vi ≠ ∅, for i = 1, 2, then V (G) is a disjoint union of distinct λ-atoms, say A = A1, A2, . . . , Am. Let
Aj1 = V1 ∩ Aj, Aj2 = V2 ∩ Aj. Then G[Aj] is a double-orbit graph and |Aj1| = |Aj2|. In the following, we use V ji to denote
V (Gji).
Theorem 2.5. Let G = (G1,G2, (V1, V2)) be a connected double-orbit graphwith orbits V1 and V2 such that |V1| = |V2|. Suppose
that the regularity of Gi is ki (i = 1, 2) and the regularity of (V1, V2) is d. Then G is not max-λ if and only if G has a spanning
subgraph H1 ∪ H2 ∪ · · · ∪ Hm, where H1 ∼= H2 ∼= · · · ∼= Hm are m disjoint isomorphic double-orbit graphs with identical size of
orbits, such that |V (Hi)| < 2δ(G) and either
(i) every vertex in Hi ∩ V1 has degree k1 + d − 1 in Hi, every vertex in Hi ∩ V2 has degree k2 + d in Hi, and every edge in G
connecting different Hi’s has both of its ends in V1, or
(ii) every vertex in Hi ∩ V1 has degree k1 + d in Hi, every vertex in Hi ∩ V2 has degree k2 + d − 1 in Hi, and every edge in G
connecting different Hi’s has both of its ends in V2.
Proof. For the sufficiency, suppose, without loss of generality, that (i) holds. Then we see from |ω(H1)| = |H1 ∩ V1| =|V (H1)|
2 < δ(G) that G is not max-λ.
To prove the necessity, suppose that G is not max-λ. Then λ(G) < δ(G). Let A be a λ-atom of G. By Lemma 2.3, we have
|A| ≥ δ(G)+ 1. If A ⊆ V1, then by Lemma 2.4(i), G[A] is vertex-transitive, and thus regular. Hence every vertex in A has the
same number of neighbors outside of A. Since G is connected, at least one vertex of A has a neighbor outside of A, and thus
every vertex of A has a neighbor outside of A. Then δ(G) > λ(G) = |ω(A)| ≥ |A| ≥ δ(G) + 1, a contradiction. The same
contradiction occurs if A ⊆ V2.
Hence Ai = A ∩ Vi ≠ ∅ for i = 1, 2. By Lemma 2.4(ii), G has a spanning subgraph which is the disjoint union of
H1 ∪ H2 ∪ · · · ∪ Hm, where Hi ∼= G[A] (i = 1, 2, . . . ,m) is a double-orbit graph and |A1| = |A2|. Furthermore, exactly one
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of A1 and A2 has neighbors in V \ A, since otherwise a contradiction can be obtained by a similar argument as the above
(observing that each orbit of a double-orbit graph induces a vertex-transitive subgraph). Assume that
only A1 has neighbors in V \ A. (1)
By |A1| = |A2| = |A|2 ≥ δ(G)+12 and λ(G) < δ(G), we see that each vertex of A1 has exactly one neighbor in V \ A and|A1| < δ(G). It follows that |V (Hi)| = 2|A1| < 2δ(G). If A1 has a neighbor in V2, then by Lemma 2.4(ii), A2 must have
neighbors in V \ A, contradicting the assumption (1). Thus the neighbors of A1 lie in V1. Then we arrive at Condition (i) of
the theorem. Similarly, if only A2 has neighbors in V \ A, then we arrive at Condition (ii) of the theorem. 
Using Theorem 2.5, the following result can be deduced for mixed Cayley graphs, which is Theorem 2.5 in [6].
Corollary 2.6. Let G = MC(G, S0, S1, S2) be a connected mixed Cayley graph, Gi = ⟨Si⟩ for i = 0, 1, G2 = ⟨S−12 S2⟩. Then G is
not max-λ if and only if G satisfies one of the following conditions:
(i) δ(G) > |G|2 ; G1,G2  G and S0 contains a second-order element s0; |G2| = |G|2 and G1, ⟨S0 ∪{1G} \ {s0}⟩ ⩽ G2, or |G1| = |G|2
and G2 ⩽ ⟨S0 \ {s0}⟩ = G1.
(ii) δ(G) > |G|2 ; G0,G2  G and S1 contains a second-order element s1; |G2| = |G|2 and G0, ⟨S1 ∪{1G} \ {s1}⟩ ⩽ G2, or |G0| = |G|2
and G2 ⩽ ⟨S1 \ {s1}⟩ = G0.
Proof. We first prove the sufficiency. Without loss of generality, we may assume that (i) holds. Suppose |G2| = |G|2 and
G1, ⟨S0 ∪ {1G} \ {s0}⟩ ⩽ G2, and let A = G2 × {0} ∪ S2G2 × {1}. Note that G is connected and G1,G2  G. It can be seen that
G = G2∪ s0G2. Thus, G[A] ∼= G[V (G)\A]. It is easy to see that G is not max-λ since the sufficient conditions of Theorem 2.5(i)
holds. Similarly, if |G1| = |G|2 and G2 ⩽ ⟨S0 \ {s0}⟩ = G1 hold, then G is not max-λ.
We next prove the necessity. Denote V1 = G × {0}, V2 = G × {1} and assume the regular degree of G[V1],G[V1],G −
(G[V1] ∪ G[V1]) are k1, k2, d respectively. Suppose G is not max-λ. Let A be a λ-atom. By Theorem 2.5, G has a spanning
subgraph H1 ∪ H2 ∪ · · · ∪ Hm, where H1 ∼= H2 ∼= · · · ∼= Hm ∼= G[A] are m disjoint isomorphic double-orbit graphs with
identical size of orbits, such that |V (Hi)| < 2δ(G) and either
(1) every vertex in Hi ∩ V1 has degree k1 + d− 1 in Hi, every vertex in Hi ∩ V2 has degree k2 + d in Hi, and every edge in
G connecting different Hi’s has both of its ends in V1, or
(2) every vertex in Hi ∩ V1 has degree k1 + d in Hi, every vertex in Hi ∩ V2 has degree k2 + d− 1 in Hi, and every edge in
G connecting different Hi’s has both of its ends in V2. Denote V1 = G× {0}, V2 = G× {1}.
Suppose (1) holds. Without loss of generality we assume (1G, 1) ∈ H1 ∩ V2. By Lemma 2.4(iii), H1 ∩ V2 is a subgroup
of G × {1}. Let H ′i × {0} = Hi ∩ V1,H ′′i × {1} = Hi ∩ V2. Note that each vertex of H1 ∩ V1 has exactly one neighbor out
of H1 ∩ V1 and the neighbors of each vertex in H1 ∩ V2 are all in H1, then ω(A) = {((g, 0), (s0g, 0)) : g ∈ H ′1} and s0 is a
second-order element of S0, G2,G1 ⩽ H ′′1 . Note that G is connected, then m = 2, that is |H ′1| = |H ′′1 | = |G|2 . Theorem 2.5
shows |V (Hi)| < 2δ(G), we thus have |ω(A)| = |H ′1| = |H ′′1 | = |G|2 < δ. Clearly, G1 ≠ G and G2 ≠ G sincem > 1.
We next show that |G2| = |G|2 and G1, ⟨S0 ∪ {1G} \ {s0}⟩ ⩽ G2, or |G1| = |G|2 and G2 ⩽ ⟨S0 \ {s0}⟩ = G1. We claim that
G1 = H ′′1 or G2 = H ′′1 . Suppose G1  H ′′1 and G2  H ′′1 . Then λ(G) = |H ′′1 | < δ(G) ≤ |S1|+ |S2| ≤ |H
′′
1 |
2 −1+
|H ′′1 |
2 = |H ′1|−1, a
contradiction. Thus,wehaveG1 = H ′′1 orG2 = H ′′1 (maybe they are both true simultaneously). IfG2 = H ′′1 , then |G2| = |G|2 and
G1, ⟨S0∪{1G}\{s0}⟩ ⩽ G2. AssumeG2  H ′′1 andG1 = H ′′1 . Then |S2| ≤ |H
′′
1 |
2 andλ(G) = |H ′′1 | < δ(G) ≤ |S2|+|S0| ≤
|H ′′1 |
2 +|S0|,
that is |S0| > |H
′′
1 |
2 and so H
′′
1 = ⟨S0 \ {s0}⟩ = G1.
Similarly, (ii) is true if (2) holds. 
Theorem 2.5 also implies the following:
Corollary 2.7. Connected half vertex-transitive graphs with equal bipartitions aremax-λ.
3. Super-edge-connectivity
A λ-fragment is trivial if it is an isolated vertex. A nontrivial λ-fragment with the minimum cardinality is called a λ-
superatom. Denote by α(G) the cardinality of a λ-superatom of G. We first claim that in a non-super-λ graph G, α(G) ≤
|V (G)|/2. In fact, let F be a minimum edge-cut of G such that the two components of G− F are both nontrivial (such F exists
since G is not super-λ), and let A be the vertex set of the smaller component of G− F . Then α(G) ≤ |A| ≤ |V (G)|/2. We need
the following lemmas:
Lemma 3.1 ([20]). Let A, B be λ-fragments of a connected graph G such that A ⊈ B and B ⊈ A. If A∩ B ≠ ∅ and A∪ B ≠ V (G),
then each of the sets A ∩ B, A ∪ B, A \ B, B \ A is a λ-fragment of G.
Lemma 3.2 ([20]). For any connected graph G, if δ(G) ≥ 3 and G is not super-λ, then any two distinct λ-superatoms are disjoint.
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We can extend Lemma 3.2 as follows:
Lemma 3.3. Let G = (G1,G2, (V1, V2)) be a connected double-orbit graph with orbits V1 and V2 such that |V1| = |V2| ≥ 3.
Suppose that G ismax-λ but is not super-λ. Then, except when G is a cycle, any two distinct λ-superatoms of G are disjoint.
Proof. As before, suppose that the degree of every vertex in Gi is ki for i = 1, 2, and (V1, V2) is a d-regular bipartite double-
orbit graph. By Lemma 3.2, the result is true when δ(G) ≥ 3. So we only need to prove the claim for δ(G) = 1 and δ(G) = 2.
First assume that δ(G) = 1. Then either k1 = 0 or k2 = 0. Assume, without loss of generality, that k1 = 0. Since G is
connected and |V1| = |V2| ≥ 3, we see that G1 is an independent set and G2 is a vertex-transitive graph with k2 ≥ 2. Then
G is clearly super-λ, a contradiction.
Next assume that δ(G) = 2. Suppose that A and B are two λ-superatoms of G such that A ∩ B ≠ ∅. We shall derive
a contradiction. Since G is not super-λ, we have |A| = |B| ≤ |V (G)|/2 (by the argument at the beginning of the section).
Then |A ∪ B| = |A| + |B| − |A ∩ B| ≤ |V (G)| − |A ∩ B| < V (G). Hence A ∪ B ≠ V (G). By Lemma 3.1, each of the sets
A ∩ B, A ∪ B, A \ B, B \ A is a λ-fragment of G. By the minimality of A and B, we have |A ∩ B| = |A \ B| = |B \ A| = 1. It
follows that |A| = |B| = 2. Since G[A] is connected, G[A] contains an edge. Combining this with |ω(A)| = λ(G) = δ(G) = 2,
we see that the two vertices of A have degree 2 in G. If A ∩ Vi ≠ ∅ for i = 1, 2, then the two vertices of A are distributed
in different orbits of G. Since vertices in the same orbit have the same degree in G, we see that G is 2-regular, and thus it is
a cycle. Hence we assume, without loss of generality, that A ⊆ V1. The above analysis is also valid for B. Thus we see that if
either B∩ Vi ≠ ∅ for i = 1, 2, or B ⊆ V2, then G is a cycle. Hence we suppose that B ⊆ V1, too. Since G is connected, we have
d ≥ 1. But then 2 = δ(G) = λ(G) = |ω(A ∪ B)| ≥ 3d ≥ 3, a contradiction. 
Lemma 3.4. Let G = (G1,G2, (V1, V2)) be a connected double-orbit graph with orbits V1 and V2 such that |V1| = |V2| ≥ 3.
Suppose that G ismax-λ and not super-λ. Then |A| ≥ δ(G) for any λ-superatom A of G.
Proof. Clearly, |A| ≥ 2. Thus |A| ≥ δ(G) if δ(G) ≤ 2. Hence we suppose δ(G) > 2 in the following. If |A| ≤ δ(G) − 1, then
λ(G) = |ω(A)| ≥ |A|(δ(G)− |A| + 1) ≥ 2(δ(G)− 1) > δ(G), a contradiction. The lemma is proved. 
If a graph G is neither a cycle nor super-λ, then by Lemma 3.3 that the λ-superatom of graph G is an imprimitive block of
G. Similarly as the proof of Lemma 2.4, we get the following lemma:
Lemma 3.5. Let G = (G1,G2, (V1, V2)) be a connected double-orbit graph with orbits V1 and V2 such that |V1| = |V2| ≥ 3.
Suppose that G ismax-λ but is not super-λ, and G is not a cycle. Then for any λ-superatom A of G,
(i) if A ⊆ V1 (or A ⊆ V2), then V1 (or V2) is a disjoint union of isomorphic λ-atoms and G[A] is a vertex-transitive graph;
(ii) if Ai = A∩ Vi ≠ ∅ for i = 1, 2, then V (G) is a disjoint union of isomorphic λ-superatoms, G[A] is a double-orbit graph, and
|A1| = |A2|.
(iii) If Ai = A ∩ Vi ≠ ∅ for i = 1, 2 and G = MC(G, S0, S1, S2) is a connected mixed Cayley graph and Ai contains (1G, i − 1),
then Ai is a subgroup of G× {i− 1}.
Next we characterize graphs that are not super-λ. We will use the convention that if a subgraph is denoted by Gji, then
its vertex set is denoted by V ji .
Theorem 3.6. Let G = (G1,G2, (V1, V2)) be a connected double-orbit graph with orbits V1 and V2 such that |V1| = |V2| ≥ 3.
Suppose that G ismax-λ and is not a cycle. Then G is not super-λ if and only if one of the following conditions holds:
(i) 0 < k1 ≤ k2, d = 1, and G1 is the disjoint union of (k1 + 1)-cliques.
(i′) Exchange the subscripts 1 and 2 in Condition (i).
(ii) k1 = k2 = d− 2 ≥ 1, and for i = 1, 2, graph Gi is the disjoint union of m (k1 + 1)-cliques (say G1i , . . . ,Gmi ), and (V j1, V j2)
is a (d− 1)-regular bipartite graph for j = 1, . . . ,m.
(iii) k1 = k2 = d, and for i = 1, 2, graph Gi is the disjoint union of m k1-cliques (say G1i , . . . ,Gmi ) together with a perfect
matching of Gi (that is, Gi − G1i ∪ · · · ∪ Gmi is a 1-regular spanning subgraph of Gi), and (V j1, V j2) is a d-regular bipartite
graph for j = 1, . . . ,m.
(iv) G1 is the disjoint union of m isomorphic (k1 − 1)-regular subgraphs (say G11, . . . ,Gm1 ) together with a perfect matching of
G1, and |V j1| = δ(G) for j = 1, . . . ,m; G2 is the disjoint union of m isomorphic k2-regular subgraphs (say G12, . . . ,Gm2 ); and
(V j1, V
j
2) is a d-regular bipartite subgraph for j = 1, . . . ,m.
(iv′) Exchange the subscripts 1 and 2 in Condition (iv).
Proof. First we prove the sufficiency. If Condition (i) holds, then δ(G) = k1 + 1. Let A be the vertex set of a (k1 + 1)-
clique of G1. Then |ω(A)| = k1 + 1 = δ(G) = λ(G). If Condition (ii) holds, then δ(G) = 2(k1 + 1). Let A = V 11 ∪ V 12 .
Then |ω(A)| = 2(k1 + 1) = δ(G) = λ(G). If Condition (iii) holds, then δ(G) = 2k1. Let A = V 11 ∪ V 12 . Then
|ω(A)| = 2k1 = δ(G) = λ(G). If Condition (iv) holds, let A = V 11 ∪ V 12 . Then |ω(A)| = |V 11 | = δ(G) = λ(G). Conditions
(i′) and (iv′) are symmetric with (i) and (iv), respectively. In each case, we see that ω(A) is a set of independent edges with
|ω(A)| = λ(G), and thus G is not super-λ.
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Next we prove the necessity. Suppose that G is not super-λ. Let A be a λ-superatom of G. Then |A| ≥ δ(G) by Lemma 3.4.
Case 1. A ⊆ V1 or A ⊆ V2.
If A ⊆ V1, then δ(G) = λ(G) = |ω(A)| = |A|d + |ωG1(A)| ≥ δ(G) + |ωG1(A)|, so we see that d = 1 and |ωG1(A)| = 0. It
follows that Condition (i) holds.
If A ⊆ V2, then we arrive at Condition (i′).
Case 2. Ai = A ∩ Vi ≠ ∅ for i = 1, 2.
By Lemma 3.5, V (G) is the disjoint union of distinct λ-superatoms, i.e., V (G) =mj=1 Aj, where G[Aj] ∼= G[A] is a double-
orbit graph for j = 1, . . . ,m, and |A1| = |A2|. Assume that the regularity of G[Ai] is ri for i = 1, 2, and the regularity of
(A1, A2) is s.
Subcase 2.1. Each vertex of A has at least one neighbor in V \ A.
In this subcase δ(G) = λ(G) = |ω(A)| ≥ |A| ≥ δ(G), so |A| = δ(G), and
each vertex of A has exactly one neighbor in V \ A. (2)
As a consequence d− s ≤ 1.
If s = d − 1, then we see from (2) that ri = ki for i = 1, 2. This is possible only when d − 1 ≤ |Ai| = |A|2 and
ki ≤ |Ai| − 1 = |A|2 − 1. Then |A| = δ(G) ≤ ki+ d ≤ |A|2 − 1+ |A|2 + 1 = |A|, so d− 1 = |Ai| = |A|2 and ki = |A|2 − 1. It follows
that k1 = k2 = d− 2, |A| = 2(k1 + 1), and we arrive at Condition (ii) of the theorem.
If s = d, then we see from (2) that ri = ki − 1 for i = 1, 2. This is possible only when ki − 1 ≤ |Ai| − 1 = |A|2 − 1 (and
thus ki ≤ |A|2 ) and d ≤ |Ai| = |A|2 . Then we see from |A| = δ(G) ≤ ki + d ≤ |A| that k1 = k2 = d = |A|2 . It follows that
Condition (iii) of the theorem holds.
Subcase 2.2. Only one of A1 and A2 has neighbors in V \ A.
Suppose A2 does not have neighbors in V \ A. Then G[A2] is k2-regular and (A1, A2) is d-regular. If r1 ≤ k1 − 3, then
δ(G) = λ(G) = |ω(A)| ≥ 3|A1| = 3|A|/2 ≥ 3δ(G)/2, a contradiction. Notice that k2 ≤ |A2| − 1 and d ≤ |A1|. Thus if
r1 = k1 − 2, then 2|A1| = |ω(A)| = δ(G) ≤ k2 + d ≤ |A2| − 1+ |A1| = 2|A1| − 1, a contradiction. Hence r1 = k1 − 1 and
|A1| = |ω(A)| = δ(G). Then we arrive at Condition (iv) of the theorem.
If A1 does not have neighbors in V \ A, then we arrive at Condition (iv′). 
Using Lemma 3.5 and Theorem 3.6, and by an argument similar to the proof of Corollary 2.6, the following corollary is
not difficult to obtain. We do not give the detailed argument here. For the completed proof the reader is suggest to refer to
Theorem 4.6 in [6].
Corollary 3.7. Let G = MC(G, S0, S1, S2) be a max-λ mixed Cayley graph which is not a cycle, (Gi = ⟨Si⟩ for i = 0, 1,
(G2 = ⟨S−12 S2⟩. Then G is not super-λ if and only if G satisfies one of the following conditions:
(i) |S2| = 1, 1 ≤ |S0| ≤ |S1| and S0 ∪ {1(G} ⩽ (G = ⟨S1⟩.
(i′) |S2| = 1, 1 ≤ |S1| ≤ |S0| and S1 ∪ {1(G} ⩽ G = ⟨S0⟩.
(ii) |S0| = |S1| = |S2| − 2 ≥ 1 and G0 = G1 = ⟨(S2 \ {s2})−1(S2 \ {s2})⟩  with |Gi| = |Si| + 1.
(iii) |S0| = |S1| = |S2| and H = ⟨S0 \ {s0}⟩ = ⟨S1 \ {s1}⟩ = ⟨S−12 S2⟩ with |H| = |S0| and |si| is a second-order element of Si for
i = 0, 1.
(iv) (a) δ(G) = |G|2 .
(b) G1,G2  G and S0 contains a second-order element s0.
(c) |G2| = |G|2 and G1, ⟨S0 ∪ 1G \ {s0}⟩ ⩽ G2, or |G1| = |G|2 and G2 ⩽ G1 = ⟨S0 \ {s0}⟩.
(iv′) (a) δ(G) = |G|2 .
(b) G0,G2  G and S0 contains a second-order element s0.
(c) |G2| = |G|2 and G0, ⟨S1 ∪ 1G \ {s1}⟩ ⩽ G2, or |G0| = |G|2 and G2 ⩽ G0 = ⟨S1 \ {s1}⟩.
Similarly as the definition of vertex-transitive graphs, a graphG is said to be edge-transitive if for any two edges e1, e2 ∈ E,
there is an automorphism φ ∈ Aut(G) such that φ(e1) = e2. It is well known that if an edge-transitive graph is not vertex-
transitive, then it is bipartite [9]. Thus, combining Lemma 3.5 with Theorem 3.6, we have the following corollary (a double-
orbit k-regular bipartite graphwith k ≥ 3 cannot satisfy the sufficient conditions of Theorem 3.6). Some results related with
this corollary can be found in [2,18].
Corollary 3.8. Let G be a k-regular bipartite graph with k ≥ 3. If G is either a vertex-transitive bipartite graph, or an edge-
transitive bipartite graph, or a half vertex-transitive graph, then it is super-λ.
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4. Restricted edge-connectivity
A restricted edge-cut F of G is called a λ′-cut if |F | = λ′(G). It can be seen that for any λ′-cut F , the graph G−F has exactly
two connected nontrivial components. Let A be a proper subset of V (G). If ω(A) is a λ′-cut of G, then A is called a restricted
edge fragment, or simply λ′-fragment, of G. It is clear that if A is a λ′-fragment of G, then so is V \ A. A λ′-fragment of Gwith
the least cardinality is called a restricted edge atom, or simply λ′-atom, of G.
Xu and Xu [24] proved the following useful result:
Lemma 4.1. If G is not λ′-optimal, then any two distinct λ′-atoms of G are disjoint.
Using the result of Lemma 4.1 and by an argument similar to the proof of Lemma 2.4, we have the following lemma:
Lemma 4.2. Let G = (G1,G2, (V1, V2)) be a connected double-orbit graph with orbits V1 and V2 such that |V1| = |V2| ≥ 3.
Suppose that G is not λ′-optimal and A is a λ′-atom of G. Then,
(i) if A ⊂ V1 (or A ⊂ V2), then V1 (or V2) is a disjoint union of isomorphic λ′-atoms and G[A] is a vertex-transitive graph;
(ii) if Ai = A ∩ Vi ≠ ∅ for i = 1, 2, then V (G) is a disjoint union of isomorphic λ′-atoms and G[A] is a double-orbit graph with
|A1| = |A2|.
Next, we derive a lower bound for the size of the λ′-atom, under the condition that the girth of G is at least 4.
Lemma 4.3. Let G = (G1,G2, (V1, V2)) be a connected double-orbit graph with orbits V1 and V2 such that |V1| = |V2| ≥ 3.
Suppose G has girth g(G) ≥ 4 and G is not λ′-optimal. Then any λ′-atom A of G has |A| > ξ(G), where
ξ(G) =

2δ(G)− 2, if neither E(G1) nor E(G2) is the empty set,
2d+ k1 + k2 − 2, if E(G1) = ∅ or E(G2) = ∅.
Proof. Since G is not λ′-optimal, we have |ω(A)| = λ′(G) < ξ(G) and |A| ≥ 3. Thus−
v∈A
dG(v) =
−
v∈A
dG[A](v)+ |ω(A)| <
−
v∈A
dG[A](v)+ ξ(G).
Since g(G) ≥ 4, we have∑v∈A dG[A](v) ≤ |A|2/2 by Turán’s Theorem. Thus
|A|2
2
>
−
v∈A
dG(v)− ξ(G). (3)
If neither E(G1) nor E(G2) is empty, we see that ξ(G) = 2δ(G)− 2, which is the degree of an edge in G1 or G2 depending on
which of k1 and k2 is smaller. Then by inequality (3) we have
|A|2
2
> δ(G)|A| − 2δ(G)+ 2 = |A|
2
2
−
 |A|
2
− δ(G)+ 1

(|A| − 2).
Combining the above inequality with |A| ≥ 3, we get |A| > 2δ − 2 = ξ(G).
If E(G1) = ∅, we see that k1 = 0 and ξ(G) = 2d+k2−2, which is the degree of an edge between V1 and V2. Furthermore,
it is impossible for A to be contained in V1. Thus, either A ⊆ V2, or Ai = A ∩ Vi ≠ ∅ for i = 1, 2 and |A1| = |A2|. Then by
inequality (3) we have
|A|2
2
> d · |A|
2
+ (k2 + d) · |A|2 − (2d+ k2 − 2)
= |A|
2
2
−
 |A|
2
− 2d+ k2
2
+ 1

(|A| − 2),
and thus |A| > 2d+ k2 − 2 = 2d+ k1 + k2 − 2. The case E(G2) = ∅ can be considered symmetrically. 
We shall need the following result:
Lemma 4.4 ([15]). If G is a k-regular graph with girth g, then
|V (G)| ≥ n(k, g) =

1+ k+ k(k− 1)+ · · · + k(k− 1) g−32 , if g is odd,
2(1+ (k− 1)+ · · · + (k− 1) g2−1), if g is even.
Clearly, any graph G (not necessarily regular) with girth g satisfies |V (G)| ≥ n(δ(G), g).
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Theorem 4.5. Let G = (G1,G2, (V1, V2)) be a connected double-orbit graph with orbits V1 and V2 such that |V1| = |V2| ≥ 3. If
g(G) ≥ 5, then G is λ′-optimal.
Proof. Suppose, as before, that the regularity of Gi is ki for i = 1, 2 and the regularity of (V1, V2) is d. Assume that G is not
λ′-optimal, and let A be a λ′-atom of G. Then
|ω(A)| = λ′(G) < ξ(G). (4)
By Lemma 4.3, we have |A| > ξ(G). If A ⊆ V1 or A ⊆ V2, then ξ(G) > |ω(A)| ≥ |A|d ≥ |A| > ξ(G), a contradiction. Thus
Ai = A ∩ Vi ≠ ∅ for i = 1, 2, and |A1| = |A2| = |A|/2. Furthermore,
exactly one of A1 and A2 has neighbors in V \ A, and every vertex in the set
which has neighbors in V \ A has exactly one neighbor in V \ A, (5)
since otherwise ξ(G) > |ω(A)| ≥ |A| > ξ(G).
Case 1. Neither E(G1) nor E(G2) is empty.
Assume, without loss of generality, that k1 ≤ k2. Then δ(G) = k1 + d. For simplicity, we denote k1 + d by t1. As before,
we use ri to denote the regularity of G[Ai] for i = 1, 2.
Subcase 1.1. Only A1 has neighbors in V \ A.
By (5), each vertex of A1 has exactly one neighbor in V \ A, and thus r1 = k1 − 1, r2 = k2, δ(G[A]) = t1 − 1, and
|ω(A)| = |A1| = |A|2 . (6)
By Lemma 4.4, we have
|A| ≥ n(t1 − 1, 5) = t21 − 2t1 + 2. (7)
Notice that
ξ(G) = 2δ(G)− 2 = 2t1 − 2 (8)
in this subcase. Hence if t1 ≥ 5, then |A| ≥ t21 − 2t1 + 2 > 4t1 − 4 = 2ξ(G), and thus |ω(A)| > ξ(G) by (6), a contradiction
to (4). So t1 ≤ 4. Since d ≥ 1 and k1 ≥ 1, we have t1 ≥ 2.
If t1 = 2, then ξ(G) = 2 by (8), and it follows from (4) that |ω(A)| = 1. But then |A1| = 1, and thus |A| = 2|A1| = 2,
contradicting that |A| > ξ(G).
If t1 = 4, then ξ(G) = 6 by (8). By (7), we have |A| ≥ 10, and thus |ω(A)| = |A|/2 ≥ 5 by (6). Combining this with (4),
we get |ω(A)| = 5 and |A1| = |A2| = 5. As a consequence, r1 ≠ 1, since otherwise G[A1] is a perfect matching and thus |A1|
must be even. On the other hand, r1 = k1 − 1 = t1 − d − 1 ≤ 2. Thus r1 = 2 or r1 = 0. If r1 = 2, then r2 = k2 ≥ k1 = 3.
It follows that |E(G[A2])| = r2|A2|2 ≥ 152 > 6 = |E(K2,3)|. Then by Turán’s Theorem, G[A2] contains a triangle, contradicting
g(G) ≥ 5. If r1 = 0, then r2 = k2 ≥ k1 = 1 and d = 3. Since |A2| = 5 is odd, we have r2 ≠ 1. Hence r2 ≥ 2. Then for any
vertex v ∈ V1, we see that the subgraph G[{v} ∪ A2] contains a triangle, contradicting g(G) ≥ 5.
If t1 = 3, then similarly to the above, we obtain ξ(G) = 4, |A| ≥ 5, and thus |A1| = |A2| = 3. If follows that ri ≠ 1 for
i = 1, 2. Since r1 = k1 − 1 = t1 − d− 1 ≤ 1, we have r1 = 0 and r2 = k2 ≥ k1 = 1. Since r2 ≠ 1, we have r2 ≥ 2. But then
G[A2] contains a triangle, a contradiction.
Subcase 1.2. Only A2 has neighbors in V \ A.
We may assume k2 > k1 in this subcase, since otherwise a symmetric analysis as the above leads to a contradiction.
Thus δ(G[A]) = δ(G) = k1 + d = t1, ξ(G) = 2δ(G) − 2 = 2t1 − 2, and |A| ≥ n(t1, 5) = 1 + t21 by Lemma 4.4.
Similarly to Subcase 1.1, each vertex of A2 has exactly one neighbor in V \ A. Then we obtain a contradiction since
λ′(G) = |ω(A)| = |A|/2 ≥ (1+ t21 )/2 > 2t1 − 2 = ξ(G).
Case 2. At least one of E(G1) and E(G2) is empty.
Suppose, without loss of generality, that E(G1) = ∅. In this case, ξ(G) = 2d+k2−2. If A1 has neighbors in V \A, then the
regularity of (A1, A2) is strictly smaller than d, and thus A2 also has neighbors in V \ A, which contradicts (5). Thus A1 does
not have neighbors in V \ A, the bipartite subgraph (A1, A2) is d-regular, and every vertex of A2 has exactly one neighbor in
V2 \ A2. As a consequence, r2 = k2 − 1. Then k2 = r2 + 1 ≤ |A2| = |ω(A)| = λ′(G) < ξ(G) = 2d + k2 − 2, so d ≥ 2.
Let v be a vertex of A2, and let v1, v2 be two neighbors of v in A1. Since g(G) ≥ 5, we see that NA2(v1) ∩ NA2(v2) = {v} and
NA2(v) ∩ NA2(vi) = ∅ for i = 1, 2, where NA2(v) is the set of neighbors of v in A2, etc. Notice that |NA2(vi)| = d for i = 1, 2
and |NA2(v)| = k2 − 1. Thus λ′(G) = |ω(A)| = |A2| ≥ (2d− 1)+ 1+ (k2 − 1) = 2d+ k2 − 1 > ξ(G), a contradiction. 
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Fig. 1. A non-λ′-optimal example for Theorem 4.6.
The following theorem characterizes double-orbit graphs with girth 4 which are not λ′-optimal:
Theorem 4.6. Let G = (G1,G2, (V1, V2)) be a connected double-orbit graph with orbits V1 and V2 such that |V1| = |V2| ≥ 3.
Suppose that G has girth 4, the regularity of Gi is ki for i = 1, 2 and the regularity of (V1, V2) is d. Then G is not λ′-optimal if and
only if G satisfies the following conditions:
(i) V (G1) = V (G11) ∪ · · · ∪ V (Gm1 ) and V (G2) = V (G12) ∪ · · · ∪ V (Gm2 ) such that G1 = (G11,G12, (V 11 , V 12 )), . . . ,Gm =
(Gm1 ,G
m
2 , (V
m
1 , V
m
2 )) are disjoint connected isomorphic double-orbit graphs, and
ξ(G)+1
2 ≤ |V 11 | = |V 12 | < ξ(G); and
(ii) for j = 1, . . . ,m, in the subgraph Gj, either every vertex in V (Gj1) has degree k1+d−1 and every vertex in V (Gj2) has degree
k2 + d, or every vertex in V (Gj1) has degree k1 + d and every vertex in V (Gj2) has degree k2 + d− 1.
Proof. To prove the sufficiency, let A = V 11 ∪ V 12 . Since G is connected, it is easy to see that ξ(G) ≥ 2. By Condition (i),
|A| = |V 11 | + |V 12 | ≥ ξ(G) + 1 ≥ 3, and thus [A, V \ A] is a restricted edge-cut of G. Furthermore, by (ii) either
|ω(A)| = |V 11 | < ξ(G) or |ω(A)| = |V 12 | < ξ(G). Note thatm > 1. So G is not λ′-optimal.
To prove the necessity, supposeG is notλ′-optimal, and let A be aλ′-atomofG. Thenω(A) < ξ(G). By Lemma 4.3, we have
|A| > ξ(G). Using the same deduction as in the proof of Theorem 4.5, we see that Property (5) is still valid here. Suppose,
without loss of generality, that only vertices of A1 have neighbors in V \ A. Similarly to the proof of Case 2 of Theorem 4.5,
we see that every vertex of A1 has exactly one neighbor in V1 \ A1. Then the desired structure follows from Lemma 4.2. 
To understand Theorem 4.6 clearly, we give a simple non-λ′-optimal example as follows: Let Gji, (V
1j
i , V
2j
i ) be k-regular
complete bipartite graphs with k > 2, (V 111 , V
12
2 ), (V
12
1 , V
11
2 ) be 1-regular bipartite graphs and G = (

Gji)∪ (

(V 1ji , V
2j
i ))∪
(V 111 , V
12
2 )∪ (V 121 , V 112 ) (G is drawn in Fig. 1). By Theorem 4.6, it can be seen that G is not λ′-optimal. Moreover, if we remove
a perfect matching of G11 and a perfect matching of G
1
2 in G, the resulting graph is an example of a graph satisfying (v) of
Theorem 3.6.
For mixed Cayley graphs we have the following corollary by Theorem 4.5.
Corollary 4.7. Let X = MC(G, S0, S1, S2) be a connected mixed Cayley graph with girth g ≥ 5. Then X is λ′-optimal.
The following theorem shows that for bipartite double-orbit graphs the condition on the girth in Theorem 4.5 can be
omitted:
Theorem 4.8. Let G = (G1,G2, (V1, V2)) be a connected bipartite double-orbit graph with orbits V1 and V2 such that |V1| =
|V2| ≥ 3. Then G is λ′-optimal.
Proof. Suppose G is not λ′-optimal. Let A be a λ′-atom of G. Since G is bipartite, we have g(G) ≥ 4. Then it follows from
Lemma 4.3 that |A| > ξ(G). The key observation is that G[A] is a regular bipartite subgraph. Hence by the connectedness of
G, we see that the regularity of G[A] is strictly smaller than d. It follows that λ′(G) = |ω(A)| ≥ |A| > ξ(G), a contradiction.

Since vertex-transitive bipartite graphs are double-orbit graphs, Theorem 4.8 implies the following:
Corollary 4.9. A vertex-transitive bipartite graph is λ′-optimal.
Remark. Some well-known networks are vertex-transitive bipartite graphs, for example, hypercubes [7,25], Cayley graphs
generated by transpositions [5], which contain the star graphs and the bubble-sort graphs [1,12]. By Corollary 4.9, these
graphs are all λ′-optimal. We also get the following corollaries:
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Corollary 4.10. Half vertex-transitive graphs with equal bipartitions are λ′-optimal.
Corollary 4.11 ([13]). Any regular edge-transitive but not vertex-transitive graph is λ′-optimal.
Corollary 4.12. Bi-Cayley graphs are λ′-optimal.
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